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where ✗ c- IRM , UGIRM , Y C- 1129

-

the system CA) defines an operator A-
frnm input signal Cuts)tzo to output Cfa)t%o

m→|→Y - Hu

# It.

Objective : Study input-output stability
:

"

well-behaved
"

input leads to
"

well-behaved
"

output



spiHI.LI
- { u:[o,a)→ IRM / u is piecewise cant . and }

Hull↳ - sup Huettl < a
tzo

LY e { u:[o, a)→Mm / his piecewise Cmt. and
" "Kiffin Iiit] :<•

}
more generally

Lmp z{ u:[o, a)→Mm / his piecewise Cmt. and

Hulk .p=ff?uuc*Ñdt7
}

Remark on notation :

mm,
- Lp - Alarm of function yelp , p - norm of

vector ✗GÑ

UntillPdt]% / Ump - [ ✗Pa - - + ✗I ]
}

Hump - ftp.x -
me usually drop p and^

write ✗✗u frsimplicity

-

the norm U - U here can be any pawn
of vector

so •

for example Ruth
,

> f
,

yuet,yzdt or Hulk: f.Uuctilbodt
- They give different values ,

but equivalent , in the sense

that if one is finite , the other one is finite too .



Example : rect)#① Met] = sina.tl ,

HUH
↳
•
- §¥? 1kcal

-
'

sup 15inch / - a <•
to

→ u c- LL
but

•

Nuke.se/f1sinctsFdt]¥ -ooo
• u¢i:

Affects•_② Met] - e-
t

-3 HUH↳ - l

Hulk
,

- [ f)éatdt ]
"
- ¥
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Def : for a function a:[zoo) → IRM , Uq denotes

its truncation. Uga, - {
Ucf) oft se

0 THE

A Udt; Act)

.fm#i:-N-tDef--:
Extended space

Lme ← LIE - Gu :c.rs#si1u-c-k;Hezo}
for short .

→ life is larger than Imp , Upside
for example , Uct) -t then UEÑpe

but u¢Ep



L-stabilitg-o.DE
: The operator H :L: → He is

L - stable if

11 CHUI ⇐ HE ✗ ( Huett ) 413 Hu eine
it -620

where 13 is a positive constant and

✗ :[ 0 , a) → [o , as is a strictly increasing
function S.t. ✗cat - o → class 12

-
It is finite-gain-L.si-able if

Nlltu), 11 , £811 hell 413 Hustle
a d-Ezo

-

where 0,13 are positive constants .

-
The smallest possible value for 8 is called gain .

-

The norms can be Lp for any P c- [1,0]

in that case , we say His Lp - Stable



tdample :
I - - X-14 , ✗ cos -X

,

Y - X

⇒ ✗c*- ✗
•
e-
t
+ got e- "-" ucssds

⇒ untill se-tux.tl + f) e- A- we Hds
tetllk.lt * hull

,
,
gate" -"as
I

£ e-than + UUUL
@

- MYHL
, -11×11%4 HUH↳ *

Mott
.

↳ It is to -Stable with finite gain f- I
B-UX.lt

Now
,

if ye ✗
2

,
then

UYU↳ - Hxlk? e-CUX.neuukoijfa-bjk.ci-1b£
z2UUU%+2UXÑ

gain
✗ ( HUH↳)
&

→
% t.mg

__

↳ Lcr) - 2r2



- What should we do in general ? -7 Lyapunov
functions .

Examples ¥ - -✗ - ✗3-1
MY
- tanhcx ) 1-U

-
Van - ✗

2
-3 Ia ) = * C- ✗- ✗Iu )

If -2×242×4

£-2110M -12118T tell

- het was -TE
,
then, Ñ - ji

,

← ÑVCXI £ - Wcx ) 4 loud

comparison-6mn

-3 Wcw ⇐e-twcxc.pt/ote-tt-?iucsnds-y1Xct1Ifeit1X.1af.+elt-s1xeusildsflXol-
HUHto

a 14cal ⇐ltanhcxu-HI-luctill-anhaik.IN←⇐ dxctsl + 1hAM

£ IX. I + 211411L
, -7114112,5211

""
so

1- IX.I



-hm_1( L- Stability with 1-yapunnvfme) 9hm . 5.1

for globallyconsider ,
I - fcx, a) exp . stable

case

y ⇒ have)

• assume ✗ so is eqlb . print , Fco , a) - o

- assume there exists a Lyapunov funlt . 5. to

GUXUZ f Kal E Czllxu?

Icm E- ↳UXÑ

110¥Us ceuxu
- assume

Hf

cquj.fcx.nl/EL-HuUHhhCXiyUEy,UXN-YzUHl
-
Then,

-3 NYNLP 2- THUMP 413 ,

where 8-Me N&%- * B-%UbÑ¥P
Pe {

• Peg

(2¥54 PEE , a)



Ket 's cheek the conditions of the theorem

for our example :
I - - y - ✗3×4 - :fc✗,uy

4- tanhcxl-u-i.hcx.us

- Fco
, a) - o ✓

- Van - ×
'

-2

✗2£ VCXI £ ✗
☒ ✓ Gzczzl

%¥fc✗, 01=2×1- X -✗3)
f- 2×2 ✓

(3--2

N U - 12×1 121×1 ✓ Cq-2

- t.fcx.us - Fodio) / zlul ✓ Let

lhcx.us/EE1tanhcxi1a1u1neH
£ 1×1 a lul ✓ 1221



→
The nation of L - stability depends

on the H.lk norm in definition .

-

For
many systems of interest ,

if system is

Lp - Stable for certain
"

pi it is stable for

any other p rs linear systems

↳
systems that satisfy
conditions of the Dennen .

- But , there examples that come

Lp - Stable in me up " , but unstable for

other "p
"

Example : Yeti - Tact)

NYU has E FÑH↳ -7 La - Stable
with ✗ cm -5m

but not L
, - Stable and B - o

Uiti -¥+7 -3 Uutlr , - f?µ¥dt - ¥+4?- p

but NYNL.es?#dtsbgctYf.ao


